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HOMOTOPICAL VARIATIONS AND HIGH-DIMENSIONAL
ZARISKI-VAN KAMPEN THEOREMS

D. CHENIOT AND C. EYRAL

ABSTRACT. We give a new definition of the homotopical variation operators
occurring in a recent high-dimensional Zariski-van Kampen theorem, a defini-
tion which opens the way to further generalizations of theorems of this kind.

INTRODUCTION

The classical Zariski-van Kampen theorem on curves gives a presentation by
generators and relations of the fundamental group of the complement of an alge-
braic curve in the complex projective plane (cf. [Za], [vK| and [C1]). There exist
high-dimensional analogues of this theorem describing relevant higher-homotopy
groups of complements of algebraic hypersurfaces with isolated singularities (cf. [Li]
and [CL]). These theorems use ‘degeneration operators’ or ‘homotopical variation
operators’ which are not so easy to define. The definitions go through the homol-
ogy of universal covers, and the link between homotopy and homology depends
strongly on the special topology of the complements of hypersurfaces with isolated
singularities. The aim of this note is to give a very short and purely homotopical
definition of the homotopical variation operators. Moreover, our definition makes
sense in a very general setting, that of a possibly singular quasi-projective variety,
and thus opens the way to obtain more general Zariski-van Kampen theorems (see
our conjecture at the end of Section 4).

The content of the article is as follows. Section 1 is devoted to some basic facts
on generic pencils and monodromies which are essential ingredients in theorems of
Zariski-van Kampen type. In Section 2, we recall the definition of the homological
variation operators var; 4 of [C3] which are used to define the homotopical variation
operators VAR, ,_1 of [CL]. The latter will be described in Section 3. In Sections 4
and 5, we introduce our generalized homotopical variation operators VAR; ,, we
give their elementary properties and we prove that they coincide with those of [CL]
when the latter are defined.

NOTATION

Throughout the paper, homology groups are singular homology groups with
integer coeflicients, unless there is an explicit statement to the contrary. We shall
note the homology class in a space A of an (absolute) cycle z by [z]4 and the
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homology class in A modulo a subspace B of a relative cycle 2’ by [2']4,5. If there
is no ambiguity, we shall omit the subscripts. If (A, B) is a pointed pair with base
point * € B, we shall denote by F(A, B, %) the set of relative homotopy g¢-cells of
A modulo B based at *. These are maps from the g-cube I? to A, with the face
x4 = 0 sent into B and all other faces sent to * (as in [St] Section 15]). We denote by
Fi(A, x) the set of absolute homotopy g-cells of A based at *, that is, maps from ¢
to A sending the boundary I7 of I? to *. Given f € F(A, B, ) (resp. F9(A,x)),
the homotopy class of f in A modulo B based at * (resp. in A based at ) will be
denoted by (f)a. g+ (vesp. (f)a«). Again, if there is no ambiguity, we shall omit
the subscripts.

1. GENERIC PENCILS AND MONODROMIES

Let X :=Y \ Z, where Y is a non-empty (closed) algebraic subset of CP", with
n > 2, and Z is a proper algebraic subset of Y. The quasi-projective variety X may
have singularities. Take a Whitney stratification S of Y such that Z is a union of
strata (cf. [Whl, [LT]), and consider a projective hyperplane £ of CP™ transverse
to (the strata of) S (the choice of such a hyperplane is generic).

Let P be a pencil of hyperplanes of CP" having £ as a member and whose axis M
is transverse to S (the choice of such an axis is generic inside £). All the members
of P are transverse to S with the exception of a finite number of them (£;);, called
exceptional hyperplanes, for which, nevertheless, there are only a finite number of
points of non-transversality, all of them situated outside of M (cf. [C2, Section 10]).
If necessary, one may take the liberty of considering some ordinary members of P,
different from L, as exceptional ones.

We parametrize the elements of P by the complex projective line CP! as usual.
Let A be the parameter of £ and, for each i, let A\; be the parameter of £;. For
each i, take a small closed disk D; C CP! with centre \; together with a point ; on
its boundary. Choose the D; mutually disjoint. Also take the image I'; of a simple
arc in CP' joining A to 5; and such that: ) TiND; =4 (i) TNy = Nif i £ 4
(i) T; N Dy = 0 if 4 # ¢'. Then, set
Finally, consider a loop w; in the boundary 0K; of K; starting from A, running
along I'; up to +;, going once counter-clockwise around the boundary of D; and
coming along I'; back to A.

For any subsets G C CP" and E C CP', note G := Uuer G NP(1), where
P(p) is the member of P with parameter p.

Lemma 1.1 (cf. [C3| Lemma 4.1]). For each i, there is an isotopy
H: (LNnX)x1I— Xok,

such that:
(i) H(z,0) =z, for every x € LN X
(ii) for every fized t € I, H induces a homeomorphism from LN X onto X, );
(iii) H(z,t) =z, for every x € MNX and every t € I.

As usual, I is the unit interval [0, 1].
The terminal homeomorphism

h: LNhX —-LNX
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of H, defined by h(x) := H(z,1), of course leaves M N X pointwise fixed. Such a
homeomorphism h is called a geometric monodromy of LN X relative to M N X
above w;.

Another choice of loop w; within the same homotopy class

(w;) € m (CP*\ U i, A)

and another choice of isotopy H above w; as in Lemma 1.1 would give a geometric
monodromy isotopic to h within £ N X by an isotopy leaving M N X pointwise
fixed. Thus, the isotopy class of h in £N X relative to M N X is wholly determined
by the homotopy class (w;) € 1 (CP" \ J; Ai, A).

2. HOMOLOGICAL VARIATION OPERATORS

Fix an index ¢, and consider a geometric monodromy h of LN X relative to MNX
above w;. Denote by S,(£NX) the abelian group of singular g-chains of LNX with
integer coefficients, and by hy: S, (LN X) — S,(L£L N X) the chain homomorphism
induced by h. Since h leaves M N X pointwise fixed (cf. Lemma 1.1), it is easy to
see that for every relative g-cycle z of £N X modulo M N X, the variation by hq of
z, that is, the chain h,(2) — z, is an absolute g-cycle of LN X (cf. [C3| Lemma 4.6]).
Moreover, one has the following lemma.

Lemma 2.1 (cf. [C3| Lemma 4.8]). The correspondence
var; 4 H(LNX,MNX)— H(LNX)
[zl cox, mox = [he(2) — 2]enx
gives a well-defined homomorphism which depends only on the homotopy class

(wi> S 7T1((C]P1 \ LJZ )\1,)\)

Homomorphism var; , is called a homological variation operator associated to
(w;). Tt is analogous to the classical variation operator associated with a holomor-
phic function having isolated critical points (cf. [AGV]). Note that operator var; 4
is defined even if X has singularities.

3. CHENIOT-LIBGOBER’S HOMOTOPICAL VARIATION OPERATORS
Throughout this section, we work under the following hypotheses.

Hypotheses 3.1. We assume that Y = CP", with n > 3, and Z = H, where H
is a (closed) algebraic hypersurface of CP", with degree k, having only isolated
singularities. Thus, X = CP™ \ H. We also assume that S is the Whitney stratifi-
cation the strata of which are: CP" \ H, the singular part Hgn, of H, and the
non-singular part H \ Hgpne of H. Being transverse to S then means avoiding the
singularities of H and being transverse to the non-singular part of H. Observe that
MNX # (). We fix a base point * € M N X.

In [CL], a k-fold (unramified) holomorphic covering
p: X' = X

is constructed, where X’ := Y’ \ Z’ is a (pathwise) connected quasi-projective
variety in CP"™!. In fact, X’ is the global Milnor fibre of the cone of C**! cor-
responding to H. Moreover, it is shown that there is a Whitney stratification S’
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of Y/ preserving Z' and a pencil P’ in CP" ™! with axis M’ transverse to S’ such
that

p Tt MNX)=MnX' and
p U PN X) =P/ () N X' for every € CP,

the member P’(u) of P’ with parameter u being transverse to S’ if and only if P(u)
is transverse to S. Recall that £ = P()), and put £’ := P’(A). Then, for each 1,
the pencil P’ gives rise to a homological variation operator

H, 1(LNX' MnX'")— H, (L NnX"
associated to (w;), defined as in Section 2.

Given an index i and a base point e € p~1(x), one can then consider the following
diagram:

! .
var; ,_q:

/
vari‘n 1

(3.2) H, 2.(NnX' MnX')——H, 1(L'NnX')

Tn—1(L'NX' M NX' e) Tn—1(L' N X' e)
Tn—1(LNX, MNX, %) Tn—1(L N X, *)

where 7 and 7 are induced by p and where x and x are Hurewicz homomorphisms.
Now, by a general property of covering projections, 7 is an isomorphism (cf. [Spl
Theorem 7.2.8]). Moreover, homomorphism ¥, too, is an isomorphism as a conse-
quence of the special fact that X is the complement of a projective hypersurface H
with isolated singularities. Indeed, £ N H is then a non-singular hypersurface of
L~ CP" !, so that

m(LNX, %) ~=Z/kZ and T(LNX,%)=0 for 2<¢g<n-—2

(this range may be empty) (cf. [Li Lemma 1.1]). Knowing that £' N X’ is pathwise
connected (cf. [CLL Lemma 2.9]), these facts imply that £'NX" is (n—2)-connected,
and x is then an isomorphism by the Hurewicz isomorphism theorem.

Thus, for each i, and for every e € p~1(x), there is a homomorphism

V.ARZ‘,n_ll Wn_l(ﬁﬂX,M ﬁX,*) — Wn_1(£0X7*)

defined by the composition 7 o ¥~!

Section 5]).

It will easily follow from Section 5 that homomorphism VAR; ,—1 does not in
fact depend on the choice of the base point e € p~1(x).

Homomorphism VAR, ,,—1 is called a homotopical variation operator associated
to (w;).

ovarj, ;oxo#@ !in diagram (3.2) (cf. [CT,

4. GENERALIZED HOMOTOPICAL VARIATION OPERATORS

In this section, X := Y \ Z is again a (possibly singular) quasi-projective variety
as in Sections 1 and 2. We further assume that MNX # () and we fix a base point *
in M N X. Observe that the condition M N X # () is equivalent to dim X > 2.
We also fix an index ¢, and consider a geometric monodromy h of £ N X relative to
M N X above w; (cf. Section 1).
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Let ¢ be an integer > 1 and let f € FI(LN X, M N X, ). We consider the map
fL(ho f) defined on I? := [0, 1]7 by

flx1,..,xg-1,1 —2x,), 0<z,< %’
hof('rlv"'vxq—172xq_1)7 %qugl

fJ-(hOf)(xl,...wq) = {

Since h leaves M N X pointwise fixed, this map is well defined and belongs to
Fi(L N X,x). Note that the reversion of f and its concatenation with ho f are
performed on the variable transverse to the free face. This would in general not
make sense, but here it does because f and h o f have the same boundary.

Lemma 4.1. The correspondence
VAR, : mg(LNX,MNX, %) = my(LNX, %)
<f>LmX,MmX,* = <fJ-(h © f)>LnX,*

gives a well-defined map which depends only on the homotopy class

(wi) € m(CP"\ [N, N).

If ¢ > 2, it is a homomorphism.

Proof. If (H;)ier is a homotopy between two representatives f and g of the same
element of m,(L N X, M N X,x), then (H;L(ho Hy))ier is a homotopy based at *
between f1(ho f) and gL (hog), showing that they belong to the same element of
7mq(L N X, *). Thus, the considered map is well defined. One easily checks that it
is a homomorphism if ¢ > 2, the sum of homotopy cells being performed as in [St]
Section 15]. The independence assertion follows from the remark we made just
after Lemma 1.1.

We shall call map VAR, ; a generalized homotopical variation operator associated
to (w;). This terminology is justified by Theorem 5.1 below which asserts that, in
the case where the homotopical variation operators of [CL] are defined (cf. Section
3), the latter coincide with our generalized operators.

We remark that if our operators are applied to absolute cells of £N X or if their
result is considered as relative cells of £N X modulo M N X, then they act as what
can be called ordinary variations by monodromy. More precisely:

Observation 4.2. Letincly: m(£LNX, %) — m,(LNX, MNX, %) be the natural
map. Then:

(i) VAR q(inclg(z)) = = + he(x) for all v € (LN X, *);
(ii) if ¢ > 2, incly(VAR; 4(v)) = —y + he(y) for ally € (LN X, MN X, %),

where hy and h, are the automorphisms of my(£ N X, *) and 7,(L N X, M N X, *)
respectively induced by h.

The right-hand sides of the equalities are written additively though the first
group is not a priori commutative if ¢ = 1 nor is the second one if ¢ = 2; the order
of operations must then be respected.

Observation 4.2 relies on the same reasons as those which allow the sum of two
homotopy cells to be performed indiscriminately on any variable not transverse to
the (possible) free face and which make the sum commutative in high dimension.
Its detailed proof is left to the reader.
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Operator VAR, , is linked to the homological variation operator var; , of Sec-
tion 2 by Hurewicz homomorphisms. This is stated in the next lemma.

Lemma 4.3. The following diagram is commutative:

Hy (LN X, MNX)—"% H (LN X)

VAR;
T (LNX, MNX, %) —S m, (LN X, %)
where x and x are Hurewicz homomorphisms.

Proof. Since homotopy cells are defined on cubes, it is convenient to use cubical
singular homology theory (cf. [HW], [M]), which is equivalent to ordinary (sim-
plicial) singular theory (cf. [HW] Section 8.4]). So, let us first introduce some
notation. For any pair of spaces (U, V), with V' C U, we shall denote by Hg(U,V)
the g-th cubical singular relative homology group of (U, V'), by [-|{;y, the homology
classes in this group, and by S5 (U, V') the (normalized) group of g-dimensional cu-
bical chains of the pair (U, V). We shall freely use representatives of the elements
of S¢(U,V). Given a (continuous) map g: (U,V) — (U’, V'), we shall denote
by gq: S5(U,V) — S5(U’, V') the induced cubical chain homomorphism. A similar
notation is used for the absolute case.
Let f € F1(LN X, MnN X, x) be a representative of an element of

T (LA X, M X, %).
We have
X({F)enx mnx,«) = [fa(D]zax, max
X({fL(ho f))enx«) = [(fL(ho f))e()]znx,

where ¢: I? — I9 is the identity map (cf. [HW), 8.8.4]). Since the expression for
var; 4 (given by Lemma 2.1) remains valid in cubical theory (by [HW) 8.4.7 and the
paragraph before 8.4.10]), it then suffices to prove that the following equality holds
in HS(L N X):

(4.4) [hg(£(1)) = fa()]znx = [(fL(h o f))g(1)]znx-

For this purpose, consider the singular g-cubes o1,05: I?7 — I?in I9 defined by

17
o1(Z15 .0y 2g) = (T, 000, Tg1, %)’
oo(z,. .. 737q) = (71, ... » Lg—1, 1+2mq).

Observe that —o; + o3 is a relative cycle of 19 modulo 9.
Lemma 4.5. The following equality holds in Hg([q,fq):
[—o1+ 02]?”@ = M?q’jq'
Proof. Let o: It — [9 be the singular (¢ + 1)-cube in 19 defined by

2xq+1;-£tq—l) $q+1 Z _I?q + 1’

(xla---amq—la
o1, Tg1) = (T1,. .., Tgo1, 5), B <wgp1 < —F 41,

(1'1,. ..,Iq_l,

3

17wq+2wq+1 xT
—i), Tgr1 <
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The boundary operator 9: S¢ (19, 19) — Se(19, I9) applied to o satisfies

do = (1)1 oy — (=1)7 oy — (—1)%.
Indeed, the face of o of index (g,0) is degenerated, and all other non-mentioned
faces are in I?. The equality in the statement of Lemma 4.5 follows.

Now, since f1(ho f) maps (I9,19) into (£ N X, ), this lemma implies
[(fL(ho [)q(W]znx = [(fL(ho [))q(=01 + 02)]ZAx,

and since
(fL(hof))oor=F and (fL(hof))oos=holf,
one immediately sees that
[(fL(ho [))g(=01 4+ 02)]zax = [(he fe(t) = fo()]znx-

This completes the proof of (4.4) and, consequently, the proof of Lemma 4.3.
Operator VAR, , also satisfies the following equivariance property.

Lemma 4.6. Ify€ F}(MNX,*) and f € FI{(LNX,MN X, %), then

VAR (V) mox s - (Fenx, max,s) = (V) enx - VARG o((f) cox, mox «)s
where - equally denotes the action of 1 (M N X, ) on me(LNX, MNX,x*) or the
action of m (LN X, ) on me(LN X, *).

Proof. Let v~ be the inverse loop of v and let

K, (I91)x I — (LNX,MNX)
be a y~-homotopy starting at f (i.e., K - (z,0) = f(x) foreveryx € 19, K., (z,t) =
v~ (t) for every x € I7\ {x, = 0} and every ¢ € I, and K- (z,t) € MNX for every
x € {zy = 0} and every t € I). Denote by g the element of FI(LNX, M N X, %)
defined by g(r) := K- (x,1). One has
(4~7) <"/>MmX,* : <f>£mX,MmX,* = <g>£mX,MmX,*~
Since h leaves M N X pointwise fixed, the map

Ky-: (I917) x I — (LN X,MNX)
defined by

K, ((x1,...,2q9-1,1—2x4),1), 0
Ky-((w1,...,24),t) 3{ 7= ((m q q):t) \
2

hoK. - ((x1,...,24-1,2x4 — 1),1),

is a y~-homotopy from fl(ho f) to gL(hog) (this time K,-(z,t) = v~ (t) for
every (x,t) € 17 x I). In other words,

(V) enx,« - VAR o((f) cnx,mnx,«) = VAR 4((9) cnx, mnx,»)-
Lemma 4.6 then follows from (4.7).
Finally, operator VAR, , also satisfies the following lemma.

Lemma 4.8. The image of operator VAR, 4 is contained in the kernel of the natural
map ma(LN X, x) — 7y (X, ).
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Proof. A representative of an element of the image of VAR; 4 is of the form f_1L(hof)
with f € F1(LNX, MNX, ). Let H be an isotopy giving rise to h as in Lemma 1.1.
One defines a homotopy 1?7 x I — X from f1(ho f) to the constant map equal to
* by

1
H(f(x1,. .. mq1,1 — 22,),2t), O<t<s, 0 <z < 1,
ho f(x1,...,q—1,224 — 1), 0<t<g, 1<a,<1,

((w1,... @), t) = S ho f(x1,...,2q-1,1 — 224), 3 <t<1, 0<z, <1—t,
ho f(z1,...,2q-1,2t — 1), 1<t<1, 1-t<z <t
hOf(.Tl,...,CCq71,2$q—1), %StSL t <xqy < 1.

By the first half of this homotopy, the lower part of the cell undergoes the mon-
odromy h while remaining attached to the upper part; at the end of this process
the two half cells become opposite and the second half of the homotopy collapses
them together.

Note that the natural map under consideration is an isomorphism or epimor-
phism within certain bounds according to the Lefschetz hyperplane section the-
orems. For instance, if X = Y \ Z is non-singular and d is the least (complex)
dimension of the irreducible components of Y not contained in Z, this map is
an isomorphism for ¢ < d — 1 and an epimorphism for ¢ = d — 1 (cf. [HL] and
[GMI1], [GM2]). Lemma 4.8 then implies that the homotopical variations are trivial
for ¢ < d — 1 and that there are well-defined epimorphisms

ra (LN X, *)/ Y Im VAR, g1 — a1 (X, %) ifd >3,

(4.9) o
Wl(ﬁﬁX,*)/UIm VARZ'J—)’ITl(X,*) lfd:2,

where |J, Im VAR;; denotes the normal subgroup generated by (J,Im VAR, ;.
Also, in the special case Y = CP", that is, for the complement X = CP"\ Z
of a projective variety of codimension ¢, the Lefschetz hyperplane section theo-
rem for complements (cf. [C2]) together with the lemma give that the homotopical
variations are trivial for ¢ < n+ ¢ —2 and that there is a well-defined epimorphism

(4.9)  Tpsea(L N (CP"\ Z), %) / Y Im VAR, sz — Tosea(CP"\ Z,%)

when n+c¢ >4 (if ¢ =1, (4.9') is only a special case of (4.9)).

In the more special case where X = CP" \ H is the complement of a hyper-
surface H with isolated singularities in CP™ with n > 3, epimorphism (4.9) (or
equivalently (4.9")) is an isomorphism (cf. Section 5). Also, when X = CP?\ C' is
the complement of a plane curve, M NX is reduced to a point, and Observation 4.2
shows that the epimorphism appearing in the second row of (4.9) coincides with
the map that van Kampen’s theorem asserts to be an isomorphism. We conjecture
that (4.9) is an isomorphism for any non-singular quasi-projective variety X and
that (4.9") is an isomorphism for any non-empty algebraic subvariety Z of CP".
This would parallel the homological results contained in [C3, Theorem 5.1] which
is a generalized ‘second Lefschetz theorem’.
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5. THE LINK BETWEEN VAR, ,_1 AND VAR, ,,_1
Throughout this section, we work under Hypotheses 3.1.

Theorem 5.1. Under Hypotheses 3.1, the homotopical variation operator VAR, n—1
of Chéniot-Libgober which is then well-defined (cf. Section 3) coincides with the gen-
eralized homotopical variation operator VAR, ,,_1 (defined in Section 4).

Observe that this theorem implies that Theorem 7.1 of [CL] is also valid with our
operators instead of those of Chéniot-Libgober, in other words, epimorphism (4.9)
(or equivalently (4.9")) is an isomorphism under Hypotheses 3.1 as we remarked at
the end of Section 4.

Proof of Theorem 5.1. Consider the diagram obtained from diagram (3.2) by com-

pleting its lower row with the homomorphism

VAR; ,_
Tn_1 (LN X, MN X, %) —=5

and its middle row with the homomorphism

7"'n—l(ﬁ n Xv*)

/ / / / VAR;,THI / /
T (L'NX'  MNXe) ————m,_1(L ' NX' e)

defined from w; as VAR, ,,_1 but with pencil P’ and the point e instead of pencil P
and the point *. We have to show that this new diagram is commutative. But its
lower square is indeed commutative since, given a geometric monodromy h of LN X
relative to MNX above w;, there exists a geometric monodromy k' of £L'NX" relative
to M’ N X’ above w; such that po h’ = hop (cf. [CL, Remark 4.2]). As to the
upper square, it commutes thanks to Lemma 4.3.
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